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ABSTRACT
Using the low energy effective action of the N = 2 supersymmetric SU(2) Yang–Mills
theory we calculate the free energy, Ω, at finite temperature, both in the semiclassical
region and in the dual monopole/dyon theory. In all regions Ω depends on both the
temperature T and the appropriate moduli parameter, and is thus minimized only for
specific values of the moduli parameter, in contrast to the T = 0 case where the energy
vanishes all over the moduli space. Within the validity of perturbation theory, we find
that the finite temperature Yang–Mills theory is stable only at definite points in the
moduli space, i.e. for a specific value of the monopole/dyon mass or when the scalar field
expectation value goes to infinity.
1. Introduction
In the last few years, our knowledge about the behavior of supersymmetric non–abelian
gauge theories has increased dramatically, both for N = 1 and N = 2 supersymmetry
(SUSY) [1, 2]. One of the main achievements has been the derivation of the low energy
dynamics, expressed in terms of a different, but equivalent, theory. Under certain circum-
stances this makes it possible to describe the original strongly coupled theory by a dual,
weakly coupled theory and provides a natural generalization of Dirac’s “electric–magnetic
duality”.
The classical N = 2 SU(2) gauge theory has a continuos manifold of inequivalent
ground states. This classical moduli space is parametrized by the gauge invariant quan-
tity u = Trφ2 ∝ a2, and for a 6= 0 the original gauge symmetry is broken down to U(1).
Although there are no quantum corrections that lift the degeneracy among the ground
states, the quantum theory is still quite different from the classical one. At large ex-
pectation values the theory is weakly coupled due to asymptotic freedom, and the low
energy degrees of freedom are just the massless excitations of the microscopic theory.
Naively, one would expect an enhancement of massless fields at a = 0, where the full
symmetry is restored. However, in the quantum theory a 6= 0 all over the moduli space,
and thus the symmetry group is never enlarged. Instead there exist points where mas-
sive monopoles/dyons become massless [2]. Thus, at different points in moduli space it
becomes necessary to use different theories to describe the low energy properties.
Duality in this context is not a symmetry of the theory but rather a way to describe the
dynamics at a strong electrical coupling in terms of e.g. a weakly interacting, magnetically
charged theory, where the monopole appears as a fundamental particle.
Although the N = 2 SU(2) gauge theory is not directly relevant for phenomenological
studies, it provides a valuable theoretical framework where nontrivial issues can be tested;
in that respect the supersymmetric theory is worthwhile to study and use as a toy model.
For example, being an asymptotically free, four–dimensional nonabelian gauge theory,
several of its fundamental properties, such as confinement via condensation of magnetic
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monopoles [2] and chiral symmetry breaking [4], are also found in QCD.
Another interesting aspect of field theories (including supersymmetric ones), is their
decisive role in determining the evolution of the early universe, that is their behavior at
finite temperature. Previous studies of the finite temperature effects in SUSY theories
have focused on e.g. certain fermion condensates in the non–linear SUSY σ–model [5]
and symmetry non–restoration effects in softly broken SUSY theories at high tempera-
ture [6]. Apart from being interesting in its own right, it is not inconceivable that the
study of supersymmetric theories at finite temperature could provide additional qualita-
tive information of a more general nature. Therefore, it is of interest to study also the
finite temperature effects on supersymmetric theories. More specifically, since the N = 2
SUSY Yang–Mills theory has a very rich and complicated structure at T = 0, that never-
theless is rather well understood, one could hope that this theory provides some nontrivial
information at finite T as well.
At finite temperature, several properties of a theory may change dramatically from the
T = 0 case. In particular, a preferred nontrivial minimum of the effective potential can
be altered as the temperature is raised. In ordinary, non–supersymmetric gauge theories
this is a well known feature, and in e.g. the electroweak standard model the SU(2) ×
U(1) symmetry is believed to be restored at a critical temperature Tc ≃ 200 GeV [7]. In
the N = 2 SU(2) Yang–Mills theory, the existence of a manifold of ground states depends
crucially on a delicate balance between the perturbative effects from fermions and bosons,
as expressed in the non–renormalization theorem [8]. However, at finite temperature
the bosons obey Bose–Einstein statistics whereas fermions obey Fermi–Dirac statistics.
Thus, the cancellations due to supersymmetry do not in general apply to the temperature
dependent parts and one can not a priori expect the finite T effective potential to remain
unchanged.
As the SUSY Yang–Mills theory is asymptotically free, one would expect the high
temperature phase to consist of a weakly interacting gas of “electrical” particles. Another,
more interesting prospect is the changes in the flatness condition that may occur already
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at low temperatures. A crucial observation regarding the low temperature effects is that
the flatness of the potential is sensitive to any disturbance. In contrast to most other
theories, e.g. the electroweak standard model, this means that the stable points of the
theory may be altered completely at any temperature T > 0. Thus even a very small
heating of the system is capable of driving the theory to some specific minima in the
moduli space. An interesting consequence is that if the temperature initially is very high
and the “electric” plasma phase is cooled, then eventually the system would be forced
to one of these minima. Note that since different minima correspond to a completely
different behavior at low energy , once a minima is chosen the corresponding dynamics is
fixed and persists even at very low temperatures. This paper is devoted to a study of the
existence of such low temperature minima.
To study the low temperature effects on the theory, we will use the low energy effec-
tive action and calculate the free energy perturbatively. To be able to trust perturbation
theory the omitted corrections of course have to be small. Imposing this condition we
will calculate the free energy both in the semiclassical region (large |a|) where the original
“electric” coupling is small, and in the vicinity of the points at which the monopole/dyon
becomes massless, where the dual “magnetic” coupling is small. At a given low tempera-
ture, the free energy is then minimized with respect to the appropriate moduli parameter
and the stable points can be determined.
The paper is organized as follows. In the next section we recall some of the main
results obtained for the low energy N = 2 SUSY SU(2) Yang–Mills theory. Section 3
is devoted to a calculation of the free energy in the semiclassical region and in section
4 we analyze the thermal effects in terms of the dual variables, around the monopole
singularity. Our conclusions and comments on the results are given in section 5, while
our conventions and some technical details are referred to the appendix.
2. N = 2 SUSY SU(2) Yang–Mills theory at low energy and T = 0
In this section we set up the model and recapitulate the main results at zero temper-
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ature [2]. For a comprehensive review, see e.g. [9, 10, 11].
The N = 2 SUSY SU(2) Yang–Mills theory without matter fields consists of a chiral
N = 2 field fulfilling a reality condition [12]. In the N = 1 superspace formulation, the
action can be written as,
SYM =
1
4π
ImTr
∫
d4x τ
[∫
d2θW αWα + 2
∫
d2θd2θΦe−2VΦ
]
, (2.1)
where W α is a vector multiplet containing a vector boson Aµ and a Weyl fermion λ, and
the chiral multiplet Φ contains a complex scalar φ and a Weyl fermion χ. The trace is
taken over the internal gauge indices, with all fields in the adjoint representation and
the generators normalized according to Tr(T aT b) = δab/2. The function τ is given by a
combination of the coupling constant g and the theta–angle θ,
τ =
θ
2π
+
4πi
g2
. (2.2)
This theory is asymptotically free, and at the level of perturbation theory the β–function
is determined completely by the one–loop contribution [8, 13],
β(g) = − 1
4π2
g3 . (2.3)
As in QCD, dimensional transmutation takes place and introduces a scale parameter Λ
that governs where the coupling becomes strong.
Writing the classical action (2.1) in components and eliminating the auxiliary fields,
the action SYM contains a potential for the scalar fields,
V (φ†, φ) =
1
2g2
Tr
(
[φ†, φ]2
)
. (2.4)
This quartic potential is obviously non–negative and is minimized when φ† and φ com-
mute. Up to a gauge transformation we can take
φ =
a
2
σ3 , (2.5)
with a an arbitrary complex constant and σ3 the usual Pauli matrix. The gauge invariant
quantity that labels the set of inequivalent vacua, the moduli space, in the quantum
5
theory is given by
u =
〈
Tr(φ2)
〉
. (2.6)
For a 6= 0 a super–Higgs phenomenon takes place and the SU(2) symmetry is broken
down to U(1), whereas the N = 2 supersymmetry is still maintained.
Now consider the low energy part of the spontaneously broken theory, valid for energies
E ≪ Λ. When |a| ≫ Λ, the theory is weakly coupled and the massive particles are very
heavy compared to the scale E. As a result, to lowest (zeroth) order in a−1 the massive
particles can be neglected and the low energy effective action simply consists of a free
massless abelian theory, sitting in a single N = 2 chiral multiplet. Effective interactions
between the massless particles are suppressed by powers of a and appear when the effects
of the heavy modes are taken into account. Actually, all terms up to two derivatives or
at most four fermions can be determined completely (for a proper way of counting in a
momentum expansion of a supersymmetric theory, see [14]). In the N = 1 formalism, the
most general U(1) gauge invariant effective action up to two derivatives, and compatible
with N = 2 supersymmetry is,
Seff = Im
1
8π
∫
d4x
[∫
d2θF
′′
W αWα + 2
∫
d2θd2θΦF
′
]
, (2.7)
where F (Φ) is the so called prepotential and F
′
= ∂F/∂Φ, F
′′
= ∂2F/∂Φ2. The unknown
function F (Φ) is then fixed uniquely at the perturbative level by combining the non–
renormalization theorem [8] and the requirement that the effective Lagrangian reflects
the U(1)R anomaly. Together with the nonperturbative instanton corrections, this gives
F (Φ) =
i
2π
Φ2 log
[
Φ2
Λ2
]
+ Φ2
∞∑
n=1
cn
(
Λ2
Φ2
)2n
, (2.8)
where cn are coefficients that can be determined from the exact treatment of the problem
[2, 15] or by direct instanton calculations [16].
Having derived the low energy action in the large |a| region, one now has to find a
description involving the correct massless fields that is valid when the coupling becomes
strong. In the classical theory, the point a = 0 corresponds to an enhancement of the
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symmetry, U(1) → SU(2), and all the fields become massless. In the quantum theory,
a single point where extra massless fields appear is not admissible, because in that case
a2 would be a global parametrization of the moduli space, which it cannot be [2]. Con-
sequently, there has to be at least two singularities at u 6= 0 where additional particles
become massless. Moreover, the appearance of massive vector bosons becoming massless
at certain points leads to a conformally invariant theory in the infrared limit, which con-
tradicts u 6= 0. Therefore, Seiberg and Witten [2] conjectured that there should be exactly
two singularities at ±Λ2 in the strong coupling region, and that these two points should
correspond to a magnetic monopole (at +Λ2) or a dyon (at −Λ2) becoming massless.
The dyon has electric and magnetic charge (ne, nm) = ±(1,−1), while the charge of the
monopole is (ne, nm) = ±(0, 1). The correct degrees of freedom in the low energy action
hence include the massless fields that couple locally to the monopole or dyon, together
with the effective interactions that results from integrating out the light soliton. This
conjecture leads to a consistent picture and has been justified further later on (see e.g.
[17]).
The solitons that become massless at ±Λ2 exist already at the semiclassical level, since
the original spontaneously broken SU(2) theory admits soliton solutions. These solitons
fall into a short multiplet and their mass is given by the BPS–condition,
M =
√
2 |Z| , (2.9)
where Z is the central charge of the supersymmetry algebra. Now, since the relation
between the central charge and the mass is protected from quantum effects, the mass
formula (2.9) remains valid even in the full quantum theory. The central charge can be
calculated explicitly [18], with a resulting mass formula for the BPS states,
M =
√
2 |ane + aDnm| . (2.10)
Here aD = ∂F/∂a is the variable dual to a. In other words, the dual theory in the vicinity
of u = +Λ2 is a magnetic version of N = 2 QED, where the light monopole has a mass
Mm =
√
2|aD| and couples to the dual photon. When u → Λ2 we have aD → 0 and the
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monopole becomes massless. The other singularity, where the dyon becomes massless,
is related to the first by a discrete Z2 symmetry that originates from a nonanomalous
subgroup of U(1)R. At the point u = −Λ2 the dyons are massless, corresponding to
(a− aD)→ 0.
Integrating out the monopoles, the resulting effective theory is reminiscent of (2.7),
but in terms of the dual fields W αD and ΦD. Given the β–function for N = 2 SUSY QED,
βD =
1
8π2
g2D , (2.11)
the dual prepotential becomes
FD(ΦD) = − i
4π
Φ2D log
[
Φ2D
Λ2
]
+ Λ2
∞∑
n=1
cDn
(
ΦD
Λ
)n
, (2.12)
where the coefficients cDn can be calculated from the exact solution [15].
3. The free energy in the semiclassical region
In this section we will calculate the free energy for large |a|, based on the low energy
effective action.
As has already been noted, for |a| ≫ Λ the effective action at energy scales E ≪ Λ
contains only the remaining massless fields. These fields are not charged with respect
to the unbroken U(1) and are thus free to first order. All possible interactions between
the massless fields can be expanded in local, effective vertices and the interactions are
suppressed by powers of the masses of the heavy particles, which are proportional to
|a|. Also, the coupling constant is small due to asymptotic freedom which suppresses the
higher order terms further, albeit only logarithmically.
If the temperature is low, i.e. T ≪ |a|, the probability of having a real massive
particle in the heat bath is suppressed by the Boltzmann factor e−|a|/T ≪ 1. Hence
we can safely neglect the thermally excited massive particles, and need only to take into
account the exchange of virtual, massive particles between the massless and otherwise free
ones. Therefore, the dominating contributions to the free energy come from the massless
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particles and their effective interactions. Furthermore, when the temperature is low we
do not expect any large logarithms involving the temperature, so g = g(|a|)≪ 1.
The component form of the effective action can be obtained from equation (2.7) in a
straightforward manner. Eliminating the auxiliary fields and including all vertices that
contribute to the free energy up to |a|−2, the action is given by,
S
(1)
eff =
∫
d4x
{
(∂µρ
†)(∂µρ)− i
2
χ∂/χ− i
2
λ∂/λ− 1
4
F µνFµν +
ig3
16π2
[
ρ†
a†
− ρ
a
]
F µνF˜µν+
+
g3
4π2
[
ρ†
a†
+
ρ
a
] [
(∂µρ
†)(∂µρ)− i
2
χ∂/χ− i
2
λ∂/λ− 1
4
F µνFµν
]
−
− g
3
16π2a
[
iχγµ(1 + γ5)χ(∂µρ) + iλγ
µ(1 + γ5)λ(∂µρ)−
√
2λΣµν(1 + γ5)χFµν
]
+
+
g3
16π2a†
[
iχγµ(1 + γ5)χ(∂µρ
†) + iλγµ(1 + γ5)λ(∂µρ
†)−
√
2χΣµν(1− γ5)λFµν
]
−
− g
4
64π2
[(
1
a2
){
χ(1 + γ5)χ λ(1 + γ5)λ
}
+
(
1
a†2
){
χ(1− γ5)χ λ(1− γ5)λ
}]
−
− g
6
(16π2)2
[(
1
a2
){
λ(1 + γ5)λ χ(1 + γ5)χ− χ(1 + γ5)λ λ(1 + γ5)χ
}
+
+
(
1
a†2
){
λ(1− γ5)λ χ(1− γ5)χ− χ(1− γ5)λ λ(1− γ5)χ
}
+
+
(
1
|a|2
){
λ(1 + γ5)λ λ(1− γ5)λ+ χ(1 + γ5)χ χ(1− γ5)χ +
+ 2χ(1 + γ5)λ λ(1− γ5)χ
} ]}
, (3.1)
where the fermions λ, χ have been written as four–component Majorana spinors, ρ is a
complex scalar and Fµν is the field strength for the vector boson, with F˜µν the dual of
Fµν . To arrive at the action (3.1) all fields have been rescaled by the common factor g.
Finally, the instanton contributions have been neglected, since they are further suppressed
by powers of (Λ/|a|)≪ 1.
Since the free energy is a static quantity we will use the imaginary time formulation
and apply by now well established techniques for such finite temperature calculations
[19, 20]. As is well known, at finite temperature T , the Euclidean space is restricted to
~x ∈ ℜ3, 0 ≤ x4 ≤ β = T−1 and the bosonic (fermionic) fields are periodic (antiperiodic)
under x4 → x4 + β.
To first order, we have a gas of free, massless particles and the corresponding contri-
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bution to the free energy density Ω is just the blackbody radiation,
Ω(1) = −π
2T 4
12
. (3.2)
At two loops, there are several terms of order |a|−2 in equation (3.1) that could con-
tribute. However, it is easily seen that apart from the vertices proportional to either
(ρ†/a†) or (ρ/a), the order |a|−2 loops from all the other terms vanish trivially, since the
remaining integrands are either odd or contain an odd number of γ–matrices. Concerning
the contribution from the diagrams involving (ρ†/a†) and (ρ/a), they are all of the form
depicted in Fig. 1. Since the momentum integrals are ultra–violet divergent, they have
to be regularized. Employing a regularization method that respects the supersymmetry,
such as dimensional reduction1 [21, 22], and using the method outlined in [23] to factorize
the integrals, the result of the derivative interactions can be written in the form,
Ω(2)∝
[
µǫ
∫ ddk
(2π)d
±
∫ d3k
(2π)3
∫ i∞+ǫ
−i∞+ǫ
dk0
2πi
1
eβk0 ∓ 1
]
×
×
[
µǫ
∫
ddp
(2π)d
1
p2
+
∫
d3p
(2π)3
∫ i∞+ǫ
−i∞+ǫ
dp0
2πi
(
1
p2
)
1
eβp0 − 1
]
. (3.3)
We have inserted an arbitrary mass parameter µ to get the correct dimensions, and the
sum over the Matsubara frequencies ωn, ωm have been written as contour integrals, with
k0 = iωn, p0 = iωm and β = T
−1. The second bracket in the free energy (3.3) is due
to the scalar field, where ωm = 2mπT and in the first bracket the upper sign holds for
bosons and the lower for fermions, where ωn = (2n+ 1)πT . Now, in the first bracket the
first term vanishes due to the definition of integration in dimensional regularization. In
the second term inside the first bracket we can close the contour in the right half plane
of the complex k0–plane, and since the integrand has no poles there is no contribution
from this term either. As a consequence, the expression in equation (3.3) vanishes and
Ω(2) = 0. Thus there are no T 6/|a|2 corrections to the free energy.
1The conclusions below are also true when the dimensional regularization method is used.
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= scalar field propagator
= scalar, fermion or
vector field propagator
Fig. 1. Nontrivial diagrams in Ω(2), at order |a|−2.
Expanding the action (2.7) further to include higher orders in |a|−1, it is easy to see
that there are no loop corrections to the blackbody radiation that are suppressed by a3.
Therefore, the leading correction term to the free part in (3.2) has to be at least of order
O(T 8/|a|4). These terms will also be of order g8 or higher in the coupling constant.
However, the order T 8/|a|4–terms do not only originate from an expansion of the effec-
tive action in (2.7). Apart from this holomorphic piece, there are also non–holomorphic
contributions that start at the level of four–derivative terms [24, 25, 26]. In the N = 1
superspace formulation the non–holomorphic part of the effective action is [14],
Snon.hol.eff =−
2
(16π)2
∫
d4x d2θ d2θ
[
KΦΦ
{
DαDαΦDα˙ D
α˙
Φ + 2Dα˙D
αΦDαD
α˙
Φ+
+ 4DαWαDα˙W
α˙ − 4D(αW β)D(αWβ) − 4D(α˙W β˙)D
(α˙
W
β˙) − 2DαDα(W βWβ)−
− 2Dα˙Dα˙(W β˙W
β˙
)
}
− 2KΦΦΦW αWαDβDβΦ− 2KΦΦΦW α˙W
α˙
Dβ˙D
β˙
Φ†+
+KΦΦΦΦ
{
4W αWαW α˙W
α˙ − 8W αDαΦW α˙Dα˙Φ†
}]
, (3.4)
where we have defined
K = log
(
Φ
a
)
log
(
Φ
a†
)
, (3.5)
and the subscripts on K denote derivatives with respect to that argument. Rewriting
equation (3.4) in component form and taking into account only the terms up to |a|−4, we
find that all possible divergent terms vanish one by one when the dimensional reduction,
or dimensional regularization, procedure is used. The remaining terms in the effective
Lagrangian that contribute to the finite temperature effects are given by, in the Weyl
two–component notation,
L
(2)
eff =
−g4
16π2|a|4
[
2(∂µρ
†)(∂µρ)(∂νρ
†)(∂νρ) + 2ρ†ρ(∂µ∂νρ
†)(∂µ∂νρ) + 2
(
F µνFµν
4
)2
+
11
+ 2
(
F µνF˜µν
4
)2
+ {2(χσµ∂µχ)(∂νχσνχ) + 2(χ∂µχ)(χ∂µχ) + (χ→ λ)}+
+
{
i(∂νχσµχ)(∂µρ
†)(∂νρ)− i(χσµ∂νχ)(∂νρ†)(∂µρ) + iρ(∂µ∂νρ†)(χσν∂µχ)−
− iρ†(∂µ∂νρ)(∂µχσνχ) + i(χσµ∂νχ)FµδF νδ − i(∂νχσµχ)FµδF νδ + (χ→ λ)
}
−
− 4(∂µρ†)(∂νρ)F µδFνδ − (λσµσν∂νχ)(χ∂µλ) + (χ∂µλ)(λσνσµ∂νχ)+
+ (λσνσµ∂νχ)(χ∂µλ)− (χ∂νλ)(λσνσµ∂µχ)
]
+O
(
g6/|a|4
)
, (3.6)
where all the fields have been rescaled with a factor g, in accordance with conventions
used for the holomorphic action (3.1). The terms of order g6 appear when the lowest
order equations of motion for the auxiliary fields, derived from the holomorphic action
(2.7), are substituted back into the action (3.6). Since the lowest order terms in the
non–holomorphic part are of order g4, it is clear that the leading correction terms to the
free–field result come from equation (3.6), and not from the holomorphic part (3.1).
The contributions to the free energy come from two–loop diagrams of the form shown
in Fig. 2, where each loop, independently of the other, is any of the bosons (ρ, Aµ) or
fermions (λ, χ).
Fig. 2. Two–loop contribution in Ω(3), at order |a|−4.
Evaluating the different diagrams, we find the following contributions,
• fermion-fermion terms: Ω(3)ff =
49π2g4T 8
43200|a|4 ,
• scalar-scalar terms: Ω(3)ss =
π2g4T 8
2700|a|4 ,
• vector-vector terms: Ω(3)vv =
π2g4T 8
2700|a|4 ,
• scalar-fermion terms: Ω(3)sf =
7π2g4T 8
5400|a|4 ,
12
• vector-fermion terms: Ω(3)vf =
7π2g4T 8
5400|a|4 ,
• vector-scalar terms: Ω(3)vs =
π2g4T 8
1350|a|4 . (3.7)
As expected, since the physical degrees of freedom for the complex scalar field and the
vector boson are the same, their contributions are identical. Also, the fermions and bosons
obey different statistics, and the result of having a fermion loop or a boson loop should
not be equal. However, as is apparent from the terms in (3.7), they all give results that
add up instead of tending to cancel each other, as is the case in SUSY theories at T = 0.
This additivity of the thermal effects is in accordance with earlier observations on the
finite T behavior of SUSY theories [27].
Combining the free–field part in (3.2) and adding all the terms from (3.7), we finally
have
Ω = −π
2T 4
12
+
g4π2T 8
192|a|4 +O
(
g6T 8
|a|4
)
. (3.8)
Since we have found a dependence on both T and |a| in Ω, we can now regard the
temperature as being a fixed external parameter and minimize the free energy with respect
to |a|. As is clear from equation (3.8), the free energy decreases as |a| becomes larger, and
since a larger |a| corresponds to a smaller coupling constant, the approximations made
in (3.8) become even better. Thus, the prediction from the perturbative calculation is
reliable and the free energy tends towards its minimum value when |a| → ∞. This run–
away solution in the semiclassical region is somewhat reminiscent of the superpotential
solution in N = 1 SU(Nc) Yang–Mills theories with Nf (Nf < Nc) flavors [28], although
the origin of the behavior is of course completely different. It is a rather interesting result
that the semiclassical region is well defined at T = 0, but tends to an unphysical solution
for any T > 0.
However, it should be stressed that the above conclusion is only trustworthy to the
extent that higher order corrections in g can be neglected, and is strictly speaking only
true in the far asymptotic region. In fact, if the order g6 contribution from (3.6) and the
order g8 correction from the holomorphic part (3.1) are non–zero, and if the numerical
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coefficient in front is large, one can not exclude that the non–asymptotic region has
another behavior, with an additional stable point at large, but finite |a|.
4. The free energy in the dual theory
In this section we will use the dual formulation of the theory and calculate the free
energy around the monopole singularity.
As |a| decreases, the theory moves away from the semiclassical region and the system
becomes strongly coupled. Although the condition |a| ≫ T might be fulfilled, the strong
coupling renders a perturbative calculation in the original “electric” variables meaningless.
Fortunately, the powerful tool of duality provides a mean to perform the calculation in
certain regions of the strong coupling regime. When entering the strong coupling region
the lightest BPS–states consist of the ±(0, 1) monopoles around u = Λ2 and the ±(1,−1)
dyons for u ≃ −Λ2.
As stated earlier, around the point u = Λ2 the low energy theory is a magnetic version
of N = 2 QED, where the magnetic monopoles have a mass Mm =
√
2|aD| and become
massless as u→ Λ2. The dual coupling constant gD is small as long as the characteristic
energy scale E is small, E ≪ Λ.
Restricting the calculation to T ≪ |a| and T ≪ Λ still permits an arbitrary relation
between the temperature and the monopole mass. Two extreme limits can be calculated
analytically, namely T ≫ Mm and T ≪ Mm. In the first limit monopoles easily become
thermally excited, whereas in the latter one has to use an effective action where the
monopoles have been integrated out.
Now, consider first the case when |aD| ≪ T (and T ≪ |a|, T ≪ Λ). Under these
conditions we are in the weak coupling region, and the heat bath consists of both the
massless N = 2 chiral multiplet (where the “dual photon” is the vector boson) and the
massive but light N = 2 monopole hypermultiplet. At this temperature the contributions
from any other particles, such the dyons, are neglectable since their mass is proportional
to |a|. Thus we are in a high temperature phase with respect to the light degrees of
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freedom.
Using N = 1 superspace, the Lagrangian of the theory is,
L
(D)
eff =
1
8π
Im
{
τD
[∫
d2θW αDWDα + 2
∫
d2θd2θΦDΦD
]}
+
∫
d2θd2θ
[
QDe
−2VDQD+
+ Q˜De
2VDQ˜D
]
+
{∫
d2θ
[√
2Q˜DΦDQD +mQ˜DQD
]
+ h.c.
}
, (4.1)
where m =
√
2aD. WD, ΦD belong to the N = 2 chiral multiplet and QD, Q˜D to the
hypermultiplet, where QD and Q˜D have opposite gauge quantum numbers. After some
rescalings, the component form of the Lagrangian (4.1) becomes,
L
(D)
eff =−
1
4
FµνF
µν − i
2
λ∂/λ− i
2
χ∂/χ− iψD/ψ + (∂µρ†)(∂µρ) + (Dµφ)†(Dµφ) +
+(D˜µφ˜)
†(D˜µφ˜) +
igD√
2
[
ψ(1− γ5)λφ− λ(1 + γ5)ψφ† − λ(1− γ5)ψφ˜+
+ ψ(1 + γ5)λφ˜
†
]
− gD√
2
[
ρψ(1 + γ5)ψ + ρ
†ψ(1− γ5)ψ + φ˜χ(1 + γ5)ψ+
+ φ˜†ψ(1− γ5)χ + φψ(1 + γ5)χ + φ†χ(1− γ5)ψ
]
+
+
√
2gD
[
Mm(φ˜
†φ˜+ φ†φ)(ρ† + ρ)−
√
2gDρ
†ρ(φ†φ+ φ˜†φ˜)
]
−
− g
2
D
2
(
φ†φ+ φ˜†φ˜
)2
+Mmψψ −M2m(φ†φ+ φ˜†φ˜) , (4.2)
where D/ = (∂µ− igDAµ)γµ, Dµ = ∂µ− igDAµ and D˜µ = ∂µ+ igDAµ. The Lagrangian has
been written in a four–component form, and (ρ, Aµ, χ, λ) belong to the chiral multiplet
whereas (φ, φ˜, ψ) come from the hypermultiplet (and ψ is a Dirac spinor).
As before, the lowest order contribution to the free energy is just the blackbody ra-
diation. Denoting the free energy density in the dual theory by ΩD at T ≫ Mm, the
contribution from the free part is,
Ω
(1)
D = −
π2T 4
6
+
M2mT
2
4
− M
3
mT
3π
+O
(
M4m log(Mm/πT )
)
, (4.3)
where the free energy for the massive particles have been expanded in powers of (Mm/T ).
As is clear from equation (4.3), the noninteracting part of the free energy becomes smaller
when Mm → 0. Based only on the part of the free energy displayed in (4.3), one would
conclude that Mm = 0 represents a minimum. However, as will be clear, the interaction
effects are not insignificant.
15
Taking into account also the interactions from the Lagrangian (4.2), the next contri-
butions to ΩD are two–loop effects, which are suppressed by O(g
2
D). Using the method
developed in [29, 30], their contributions can be calculated in a power series in (Mm/T ).
We find,
• fermion-vector terms:
Ω
(2)
D fv
=
5g2DT
4
288
{
1 +
18
5π2
(
M2m
T 2
)[
γ − 1
2
+ log
(
Mm
πT
)]}
,
• scalar-vector terms:
Ω
(2)
D sv =
7g2DT
4
144
{
1− 24Mm
7Tπ
− 12
7π2
(
M2m
T 2
)[
γ − 5
4
+ log
(
Mm
4πT
)]}
,
• Yukawa terms:
Ω
(2)
D y =
25g2DT
4
288
{
1− 48Mm
25Tπ
+
72
25π2
(
M2m
T 2
)[
3γ
4
− 3
8
+
9
12
log
(
Mm
πT
)
+
1
3
log(4)
]}
,
• scalar-scalar terms:
Ω
(2)
D ss =
7g2DT
4
144
{
1− 30Mm
7Tπ
− 3
7π2
(
M2m
T 2
)[
5γ − 23
2
+ 5 log
(
Mm
4πT
)]}
, (4.4)
where γ is Euler’s constant and terms of order O(g2DM
3
mT ) and higher have been omitted.
Adding all the different parts in equation (4.4) together with the free–field result in
(4.3) we have,
ΩD=−π
2T 4
6
[
1− 29g
2
D
24π2
]
− 13g
2
DMmT
3
24π
+
M2mT
2
4
[
1 +
4g2D
π2
{
7
32
+
γ
16
+
+
1
16
log
(
Mm
πT
)
+
13
48
log(4)
} ]
− M
3
mT
3π
+O
(
g2DM
3
mT,M
4
m
)
. (4.5)
The total free energy in (4.5) displays some remarkable features. When T ≫ Mm
the relevant scale is set by the temperature, so we expect that g2D = g
2
D(T ). Now, for a
sufficiently smallMm/T ratio, the term proportional to g
2
DMmT
3 is comparable toM2mT
2.
In other words, the interactions may change the minimum (at Mm = 0) found from the
blackbody radiation only. From ΩD in (4.5), the dominant mass dependent contribution
ΩMm in ΩD is
ΩMm =
(
Mm
4
− 13g
2
DT
24π
)
MmT
2 , (4.6)
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and therefore the position of the extremum of the free energy is,
Mm =
13g2DT
12π
. (4.7)
In fact, this point represents the minimum. Hence the free energy is minimized when
equation (4.7) is satisfied, that is when the zero temperature mass is of the same magnitude
as the thermally induced “electric” mass. By the Z2 symmetry this implies a similar result
to be valid in the region where the dyon is the lightest massive particle.
We now turn to the opposite extreme in the dual region, i.e. when Mm ≫ T . We
also require Mm ≪ Λ to be able to trust the perturbation theory. When the parameters
fulfill the above conditions the thermally excited monopoles only contribute with a factor
e−Mm/T . Of course, the exponentially small term reflects the probability of having real
monopoles in the heat bath. As in the semiclassical region, it is clear that the dominating
effect from the monopoles is due to the virtual exchange of monopoles between the massless
particles, and it is appropriate to use a low energy effective action.
The holomorphic part of the effective action is given by equation (2.7), but in terms
of the dual variables WD, ΦD and with the dual prepotential (2.12). The contribution
from the blackbody radiation to the free energy Ω˜D is,
Ω˜
(1)
D = −
π2T 4
12
. (4.8)
As in the previous section, we have to include the interactions to incorporate the mass
parameter, in this case |aD|. In the semiclassical region the holomorphic part did not
contribute to the leading correction terms in the free energy, and this result persists in
the dual theory as well. The reason is simply that the expansion of the dual prepotential is
completely analogous to the case in the semiclassical region, with the expansion parameter
a in the semiclassical region replaced by an → −2anD, except in the coupling constant.
This in turn is a consequence of the fact that the coefficient in the β–function of N = 2
QED differs by a factor −1/2 from the SU(2) case, as a comparison between equation
(2.3) and (2.11) shows.
However, just as in the case of ordinary, non–supersymmetric QED one should expect
higher order interactions coming from an Euler–Heisenberg type of effective Lagrangian
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[31]. In fact, such a supersymmetric extension was discussed in [25], and corresponds
to nothing but the non–holomorphic contribution to the effective action. In that sense,
the non–holomorphic action in the semiclassical region is the supersymmetric extension
of a nonabelian Euler–Heisenberg action, whereas for the magnetic monopoles it is an
extension of the abelian case.
As in the holomorphic part, the effective action in the dual region is given by replacing
an → −2anD in (3.6) (see also [26]). Therefore, the lowest order correction to the free
energy, when Mm ≫ T , is
Ω˜
(3)
D = −
g4Dπ
2T 8
384|aD|4 +O
(
g6DT
8
|aD|4
)
. (4.9)
The total free energy in the dual region, valid forMm ≫ T is then obtained by combining
equation (4.8) and (4.9),
Ω˜D = −π
2T 2
12
− g
4
Dπ
2T 8
384|aD|4 +O
(
g6DT
8
|aD|4
)
. (4.10)
Minimizing the free energy we thus find that the theory prefers a smaller mass, a statement
that of course is valid only as long as both Mm ≫ T and the omitted higher order
corrections are neglectable. Again this result is transferred to the region around the dyon
singularity by the Z2 symmetry.
To summarize this section, we have found that whenMm ≫ T the free energy becomes
smaller as the mass decreases. When the mass is sufficiently small, the theory enters a
high temperature region where T ≫ Mm. As expected, the mass continues to decrease,
but rather unexpectedly only down to Mm ∝ g2DT . If the mass initially is smaller, it will
increase instead, up to the minimum of the free energy at Mm ∝ g2DT . Note though, that
as in the semiclassical region we can not exclude another minimum in a region where higher
orders in the coupling constant become relevant. Since the dual coupling increases as the
mass becomes larger, such a minimum could be present when the theory is sufficiently far
away from u = Λ2, but still in the regime where the dual theory is well defined.
Using the Z2–symmetry, we also conclude that the same situation as described above
takes place around the singularity at u = −Λ2, where the dyons are light.
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5. Conclusions
We have calculated the free energy in the low energy N = 2 supersymmetric SU(2)
Yang–Mills theory, using the low energy effective action description, and would now like
to make some comments and remarks about our results. It should be emphasized that
some of the conclusions are naturally rather speculative at the present stage.
In the semiclassical region where |a| ≫ Λ, we find that the lowest order correction
terms come from the non–holomorphic part of the effective action, and as a result the free
energy decreases as the moduli parameter |a| increases. The stable point corresponds to
the limit |a| → ∞. Using the dual description in the strong coupling regime, we find that
the theory flows towards a stable point where the monopole mass Mm is of the order of
the thermally induced mass,Mm ∝ g2DT . The discrete Z2–symmetry relates the monopole
singularity to the region where the dyons become the light solitons, and therefore implies
that the monopole results are valid for the dyons as well. Thus the scenario depicted in
Fig. 3 emerges, where region III corresponds to the semiclassical region |a| ≫ Λ, and the
two other regions correspond to a neighborhood where the dual theory is valid; region II
to where the soliton mass Ms satisfies Ms ≫ T and region I to T ≫Ms.
I II IIIIIIIII
u
Fig. 3. Directions where the free energy decreases, at different parts in moduli space.
Dotted lines denote the stable minima.
As mentioned earlier, one can not rule out the existence of other minima, positioned
at large but finite |a| and at a large value of the soliton mass, Ms, in the dual theory. In
order to establish whether such minima actually appear, one would have to calculate the
logarithmic corrections coming from higher orders in the coupling constant, but having
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the same suppression of powers of mass as the dominant effect (i.e. |a|−4 or M−4s ). At
this stage the presence of such minima can neither be proved, nor excluded.
In the asymptotic region, where the minimum is reached for |a| → ∞, the theory does
not seem to be well defined in the finite temperature case. Nevertheless, the large |a|
region could still be meaningful in e.g. a cosmological scenario. This would be attributed
to the fact that ultimately higher energy scales must become important and hence may
provide a stabilization of the theory, as has been speculated to be the case in the N = 1
theories with a similar runaway solution at T = 0 [28].
In the strong coupling region the stable points correspond to |aD| ∝ g2DT , so that the
phase of aD is irrelevant. The position of the minima at |aD| is not likely to be modified by
higher order terms in the low energy effective theory. However, the possible implications
of the heavy particles, whose mass is proportional to |a|, remain unclear. For instance, if
the monopoles are strictly massless the value of the free energy is higher than at the point
Mm = (13g
2
DT/12π). But since the slope at the origin is zero there is no tendency to float
away from the massless case, and the theory seems to remain at a local maximum. The
ultimate fate of the massless theory must then be determined by the effects of the heavy
particles.
Finally, we would like to comment on the different phases that exist at low tempera-
tures. If the temperature initially is much higher than any of the internal scales Λ and u
in the microscopic theory, we expect to have a nearly free gas of the “electrical” particles.
As the temperature is lowered, a description of the theory in terms of the low energy
effective action becomes valid. Whatever the nature is of this transition, the theory will
end up in one of the minima that exist at low temperatures. The mechanism that drives
the theory to a specific minimum presumably depends on how the scalar field expectation
value develops as the temperature is lowered. This is certainly a complicated process at
an energy scale where standard methods such as perturbation theory is not applicable.
Without reliable information it is obviously very dangerous to make any predictions, but
it is not unreasonable to expect that different regions in space could fall into different min-
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ima. In that case, domain walls would form and remain until the temperature vanishes.
Needless to say, this scenario is presently by no means rigorous.
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Appendix
In this appendix we fix our notation and illustrate the calculations of the free energy
with a simple example.
Starting in Minkowski space–time, our metric has the signature
gµν = diag (+ − −−) , (A.1)
and the antisymmetric tensor has ǫ0123 = +1. The γ–matrices satisfy {γµ, γν} = 2gµν
and are given by
γµ =
(
0 σµ
σµ 0
)
γ5 =
(
1 0
0 −1
)
, (A.2)
where σµ = (1 , ~σ), σµ = (1 , −~σ) and ~σ are the usual Pauli matrices. Also,
Σµν =
1
4
[γµ, γν ] . (A.3)
From the actions (3.1) and (4.2) we find the following propagators,
• fermions: −i
p/−m ,
• scalars: i
p2 −m2 ,
• vector bosons: −ig
µν
p2
, (A.4)
where m is the possible particle mass.
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To calculate the free energy, we first write the logarithm of the partition function Z
in Minkowski space–time and then make the following replacements,
p0 → iωn∫
dp0
2π
→ iT
∞∑
n=−∞
2πδ(p0) → −iβδωn , (A.5)
where β = T−1, ωn = 2nπT for bosons and ωn = (2n + 1)πT for fermions. Labelling the
expression that follows when the Minkowski rules and the replacements in equation (A.5)
have been used by (−iβV F), with V denoting the volume of the system, the free energy
density is,
Ω = − logZ
βV
= iF . (A.6)
To give a simple illustration of the procedure outlined above, we will calculate the
contribution from the interaction term
L
(D)
eff = −
g2D
2
(
φ†φ
) (
φ†φ
)
(A.7)
in the dual theory. We find,
Ω = g2D
[
T
∑
n
∫
d3p
(2π)3
1
(iωn)2 − ~p 2 −M2m
]2
. (A.8)
We now write the sum over the Matsubara frequencies as a contour integral [19, 20],
T
∑
n
f(p0 = iωn) =
∫ i∞
−i∞
dp0
2πi
[
f(p0) + f(−p0)
2
]
±
∫ i∞+ǫ
−i∞+ǫ
dp0
2πi
[
f(p0) + f(−p0)
eβp0 ∓ 1
]
, (A.9)
where the upper sign holds for bosons. Omitting the temperature independent piece, we
have
Ω = g2D

∫ d3p
(2π)3
1√
~p 2 +M2m
(
1
eβ
√
~p 2+M2m − 1
)
2
, (A.10)
by closing the contour in the right half–plane and picking up the pole at p0 =
√
~p 2 +M2m.
When T ≫Mm we can expand the remaining integral in (Mm/T ) by use of the following
result,
∫ ∞
0
dx x2√
x2 + y2
(
1
e
√
x2+y2 − 1
)
=
π2
6
− yπ
2
+
y2
4
{
1
2
− γ − log
(
y
4π
)}
+O(y3) . (A.11)
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Equation (A.10) then finally becomes,
Ω =
g2D
24
[
T 4
6
− MmT
3
π
+
M2mT
2
2π2
{
7
2
− γ − log
(
Mm
4πT
)}
+O
(
M3mT
)]
. (A.12)
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